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Abstract. Let n, k, a and c be positive integers and b be a nonnegative integer. Let V2{k) and 
S2(k) be the 2-adic valuation of k and the sum of binary digits of k, respectively. Let S(n, k) 
be the Stirling number of the second kind. We first show that V2(S(c2 n , 62 n+1 +a)) > 82(a) — 1, 
where < a < 2 n+1 and 2 \ c. Further, we prove that v 2 (S(c2 n , (c - 1)2" + a)) = s 2 (a) - 1, 
where n > 2, 1 < a < 2 n and 2 \ c. Finally, we show that if 3 < k < 2 n and k is not a 
power 2 minus 1, then v 2 (S(a2 n , k) - S(b2 n , k)) = n + v 2 (a - b) - [log 2 k] + s 2 {k) + 6(h), 
where 5(4) = 2, S(k) = 1 if k > 4 is a power of 2, and 5(k) = otherwise. This confirms a 
conjecture of Lengyel raised in 2009 except that k is a power of 2 minus 1. 
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1 Introduction and the statements of main results 

The Stirling numbers of the second kind S(n, k) is defined for n £ N and positive integer 
k < n as the number of ways to partition a set of n elements into exactly k non-empty 
subsets. It satisfies the recurrence relation 

S(n, k) = S(n - 1, Jfe - 1) + kS{n - 1, k), 
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with initial condition 5(0, 0) = 1 and 5(n, 0) = for n > 0. There is also an explicit formula 
in terms of binomial coefficients given by 

= ^E(-i)*(*)(*-o B . a) 

' i=0 ^ ' 

Divisibility properties of Stirling numbers have been studied from a number of different 
perspectives. It is known that for each fixed k, the sequence {S(n,k),n > k} is periodic 
modulo prime powers. The length of this period has been studied by Carlitz [3] and Kwong 
|15j . Chan and Manna [5] characterized S(n,k) modulo prime powers in terms of binomial 
coefficients. 

Divisibility properties of integer sequences are often expressed in terms of p-adic valua- 
tions. Given a prime p and a positive integer m, there exist unique integers a and m, with 
p \ and n > 0, such that m = ap n . The number n is called the p-adic valuation of m, denoted 
by n = v p {m). The numbers mm{v p (k\S(n,k)) : m < k < n} are important in algebraic 
topology, see, for example, [31 [9l [TTJl [TTJ [191 [20] . Some work on evaluating v p (k\S(n, k)) has 
appeared in above papers as well as in [61 [HJ [20], [2"2]. 

In this paper, we concern on the 2-adic valuations of the Stirling numbers of the sec- 
ond kind. Lengyel [16] studied the 2-adic valuations of 5(n, k) and conjectured, proved by 
Wannemacker [21] , V2(S(2 n ,k)) = S2(k) — 1, where S2(k) means the base 2 digital sum of k. 
Lengyel [T7] showed that if 1 < k < 2 n , then t>2(5(c2 n , k)) = S2{k) — 1 for any positive integer 
c. Meanwhile, Lengyel |17| proved that V2(S(c2 n ,k)) > S2(k) — 1 if c > 1 be an odd integer 
and 1 < k < 2 n+1 . We here show that a more general result true. That is, we have 

Theorem 1.1 Let n,a,b,c G N with < a < 2 n+1 , b2 n+1 + a < c2 n and c > 1 being odd. 
Then 

v 2 (S(c2 n ,b2 n+1 + a)) >s 2 (o)-l. 

If one picks b = and 1 < a < 2 n , then the lower bound in Theorem 11.11 is arrived as 
the following result shows. 

Theorem 1.2 Let a,c, n € N with c > 1 being odd, n>2 and 1 < a < 2 n . Then 

v 2 (S(c2 n , (c - 1)2™ + a)) = s 2 (a)- 1. 

Another interesting property is related to the difference of Stirling numbers of the second 
kind. Lengyel [17J studied the 2-adic valuations of the difference 5(c2™ +1 , k) — 5(c2™, k) with 
1 < k < 2 n and c > 1 odd. In the meantime, Lengyel posed the following conjecture. 

Conjecture 1.1. [T 7 ^ Let n, k, a, b € N, c > 1 being odd and 3 < k < 2 n . Then 

v 2 {S(c2 n+1 ,k) - S{c2 n , k)) = n + l- f{k) 
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and 

v 2 (S(a2 n , ft) - S(b2 n , ft)) = n + 1 + v 2 {a - b) - f(k) 
for some function /(ft) which is independent of n. 

Note that Lengyel [T7] proved that Conjecture 1.1 is true for any integer k with s 2 (k) < 2. 
As usual, for any real number x, we let \x\ and \_x\ denote the smallest integer no less than 
x and the biggest integer no more than x, respectively. We have the following result. 

Theorem 1.3 Let n, ft, a, b £ N, c > 1 being odd, 3 < k < 2 n , and a > b. If k is not a power 
2 minus 1, then 

v 2 {S{a2 n , k) - S(b2 n , k)) = n + v 2 {a-b)- \\og 2 ft] + s 2 (ft) + <5(ft), (2) 

where 5(4) = 2, 5(k) = 1 if k > 4 is a power of 2, and 5(k) = otherwise. In particular, 

v 2 (S{c2 n+1 , k) - S(c2 n , k)) = n- \\og 2 k] + s 2 (k) + 5{k). (3) 

By Theorem II. 3( we know that Conjecture 1.1 is true except that ft is a power of 2 minus 1. 
At present, we are unable to prove Conjecture 1.1 for the remaining case that ft is a power of 
2 minus 1 because we encounter difficulties in strengthening the Junod's congruence about 
the Bell polynomials [13J. 

In order to prove Theorem 11.31 we wm need a special case of the 2-adic valuation of 
S(n, ft), which can be stated as follows. 

Theorem 1.4 Let a,b,c,m,n € Z + , 1 < a < 2 n+1 , m > n + 2 + [log 2 foj and c > 1 being 
odd. Then 

, 2 (5(c2». + i ,2«« + 2», 6 2»« + a) ){ =£ (a) _ = 

This paper is organized as follows. In Section 2, we present some preliminary results. 
Then in Section 3, we give the proofs of Theorems 1.1 and 1.2. Consequently, in Section 4, 
we show Theorem 1.4. Finally, in Section 5, we use Theorems 1.1 and 1.4 to show Theorem 
1.3. 

2 Preliminary lemmas 

In this section, we give several known results which are needed for the proof of our main 
results. The first two results are well known. 

Lemma 2.1 (Legendre) Let n E N. Then v 2 (n\) = n — s 2 (k). 



3 



Lemma 2.2 [1$ (Kummer) Let k and n G N be such that k < n. Then ^((k)) = S2(k) + 
S2(n — k) — S2(n). Moreover, S2(k) + S2(n — k) > S2(n). 

Lemma 2.3 jnj Let k, n, c G N and 1 < k < 2 n . Then v 2 (S(c2 n , k)) = s 2 (k) - 1. 

Lemma 2.4 fTTj Let k, n, c G N, 2 n < k < 2 n+1 - 1 and c > 3 be an odd integer. Then 
v 2 {S{c2 n , k)) > s 2 {k) and v 2 {S{c2 n , 2 n+1 - 1)) = n. 

Lemma 2.5 J7?}/ Let m, n, c G N and < m < n. Then v 2 (S(c2 n + 2 m , 2™)) = n - 1 - m. 
Lemma 2.6 JEIf Let k, n, m G N and < k < n + m. Then 

S(n + m,k) = ^2^2 {■) lh- % S ( n ' k ~ ^Simd)- 
j=l i=o ^ 

Lemma 2.7 JI]/ For r > max(/ci, fc 2 ) + 2, we have 



r-l 

Tfc +ni 5 ( fc i + ^2 + 2, r) = £(i - l)!(r - i - l)\S(h + 1, i)S(fc 2 + 1, r - i). 



fci!fc 2 !(r-l)! 



(4) 



(A: 

Lemma 2.8 11 3f Let m, n, v G N, v > 1 and p be a prime number. Then 

B m+np ,(x) = ( n ) (xP + x? 2 + ■■■ + xV v ) n -3B m+J (x) mod ^fz p [x], 
3=0 

where the Bell polynomials are defined by 

n 

B n (x) = S ( n > k)x k ,n > 0. (5) 

fc=0 

Let n = T / \Lo £ ^( n ) 2X with £ ^( n ) G {°> !}■ Then s ^( n ) = EaLo £ a(/i)- Further, we have 
the following result. 

Lemma 2.9 Let m and n G N. Then s 2 (m+n) = S2{m)-\-S2{n) if and only if e\{m)+£\{n) = 
£\{m + n) for all A G N. 

Proof. This lemma follows immediately from the proof of Lemma 1 in [21J. □ 

Lemma 2.10 Let n, a G N and 1 < a < 2 n+1 . Define the set J of positive integers by 
J ■= {1 < j < 2" I s 2 (2 n+1 + a-j) + s 2 (j) = s 2 (2 n+1 + a)}. Then \ J\ = 2 S2 ^ - 1 if 
l<a<2 n , and \J\ = 2 S2 ( a )~ 1 if 2 n < a < 2 n+l . 



4 



Proof. For any positive integer d, define M<i := {A G N [ £\(d) = 1}. Then d = Yl\eM ^ A 
and s 2 (d) = \M d \. By Lemma EH we know that s 2 (2 n+1 + a - j) + s 2 {j) = s 2 (2 n+1 + a) if 
and only if 

e x (j) + e x {2 n+1 + a-j)= e x (2 n+1 + a) (6) 

for all A £ N. Therefore for any given A <E N, e x (j) = or 1 if e x {2 n+1 + a) = 1, and e x (j) = 
if £A(2 n+1 + a) = 0. It then follows that for any given integer 1 < a < 2 n , j S J if and only 
if ^ Mj C M a . So | J| = 2l Mfl l - 1 = 2 S2 ( fl ) - 1 if 1 < a < 2 n . 

Now let 2 n < a < 2 n+1 . So if j = 2 n , then one can check that s 2 (2 n+1 + a- 2 n ) + s 2 (2 n ) = 
s 2 (2 n+1 + a). This implies that 2 n € J. On the other hand, since 1 < a — 2 n < 2 n , we 
get that j G J \ {2 n } if and only if ^ Mj C M a _ 2 ™. Hence | J| = 2l M "- 2 ' 1 = 2 S2 ( a )~ 1 if 
2 n < a < 2 n . The proof of Lemma 12.101 is complete. □ 

Lemma 2.11 Let n,a,c£N with c > 1 oeing odd and 1 < a < 2 n . Then 

s 2 (c2 n -a) = s 2 (c) + n- v 2 (a) - s 2 (a). (7) 

Proof. If a = 2 n , then it is easy to check that ([7]) is true. Now let 1 < a < 2 n . We can 

l 2(a) e x (a)2\ Clearly *a(<0 = ■ 

c2 n - a = (c - l)2 n + 2 n - a 



write a = £™=La) £ A(a)2 A . Clearly s 2 (o) = £™ = L o) £ a(o) and e V2{a) {a) = 1. Then 



n— 1 n— 1 

= (c- l)2 n + (V 2 ^ + E 2A ) " E £ a(o)2 a 

A=t; 2 (a) A=i) 2 (a) 

n-1 

= (c-l)2 n + E (l-eA(a))2 A + 2 V2 ( a ). (8) 

A=f; 2 (a) 

Since s 2 (c — 1) = s 2 (c) — 1 , by © we have 

n-1 

s 2 (c2 n -a) = s 2 (c-l) + £ (1-£a(«)) + 1 

A=u 2 (a) 
n-1 

= s 2 (c)+ £ (!- £ A(a)) 

A=ti 2 (a) 

= s 2 (c) + n - v 2 (a) - s 2 (a) 
as required. This completes the proof of Lemma 12.111 □ 



Lemma 2.12 \Wy Let N > 2 be an integer and r, t be odd numbers. For any m € Z , we 
have v 2 {(r2 N - l))* 2 ™ -l) = m + N. 
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3 Proofs of Theorems 1.1 and 1.2 



In this section, we show Theorems 1.1 and 1.2. We begin with the proof of Theorem 1.1. 

Proof of Theorem 1.1. If b = 0, then Theorem 11.11 is true by Lemmas 12.31 and 12.41 In what 
follows we let b > 1. There exists an unique integer e > such that 2 e < b < 2 e+1 . We 
proceed with induction on e. First we consider the case e = 0, i.e., 6=1. Using Lemma 12.61 
with n, m and k replaced by (c — 1)2™, 2™ and 2 n+1 + a, respectively, we have 

2 n+1 +a j 2™ 2" 

5(c2",2«+ 1 +a)= Yl ( 9 ) 

3=1 i=0 j=l i=0 



fi\ (2 n+1 A- a — »V 
: = - L-.iT- .-^ (fr - i) 2 ™' 2n+ + a - 05(2", j). 



where 

f(i i\ ■= (■ , 

v i7 (2™+! + a- j)!' 

Since c is an odd integer, t>2((c— l)2 ra ) > n + 1. It then follows from Lemmas 12 . 1\ 12 . 31 and 
13 that 

(2 n+1 + a-i)l\ , iNon on+1 



^ 2 (/(i,i)) > ^2 [ j^T^— y ) + ^(S((c - 1)2", 2" +i + a - *)) + v 2 (S(2 n ,j)) 

> v 2 ((2 n+1 + a - - v 2 ((2 n+1 + a - + s 2 {2 n+1 + a - i) - 1 + s 2 (j) - 1 
= (j + s 2 (2 n+1 + a - j) - s 2 {2 n+l + a-i) + s 2 (2 n+1 + a - i) + s 2 (j) - 2 
>s 2 (2 n+1 + a-j) + s 2 (j)-2 (10) 

since j >i. By Lemma 12.21 we know that 

s 2 (j) + s 2 {2 n+l + a-j)> s 2 (2 n+1 + a). 
So by (fTU|) and noting that < a < 2 n+1 , we obtain 

v 2 (f(i,j)) > s 2 (2 n+1 +a)-2 = s 2 (a) - 1. (11) 
It then follows from Q and (fTTTl that 



v 2 (S(c2 n ,2 n+1 + a))> min {v 2 (f(i,j))}>s 2 (a)-l. 

0<i<j<2 n 

Hence Theorem 11.11 is true if e = 0. In what follows, we let e > 1. 

Assume that Theorem 3.1 is true for the case t with t < e—1. Then v 2 (S(c2 n , 62 n+1 +a)) > 
s 2 (a) — 1 for any integers b with < b < 2 e . In the following we prove that Theorem 11.11 is 
true for the case e. This is equivalent to showing Theorem II .11 for all integers b € [2 e ,2 e+1 ). 

Let b € [2 e ,2 e+1 ) be any given integer. Since c2 n > b2 n+l + a, there exist two positive 
integers c\ and c 2 such that c = c\ + c 2 2 V2 ^ +1 and ci < 2" 2 ( 5 ) +1 . So by Lemma ESI we have 

ci2 n j 

5(c2™,62™ +1 + a) = ^^ 5 (i,i), (12) 

j=l i=0 
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where 

We first claim that 

v 2 (S(c 2 2 n+V2 ^ +1 ,b2 n+1 +a-i))> s 2 {b2 n+l + a - i) - s 2 (b). (13) 

If v 2 (c 2 ) + v 2 (b) > e, then b2 n+1 +a-i < 2 e+n+2 < 2^( b )+^( C2 )+ n + 2 since a < 2 n+1 and 
2 e <b< 2 e+1 . So by Lemmas EJ3] and E3J we obtain that 

v 2 (S(c 2 2 n+v *W +1 , b2 n+l + o - »)) 

> s 2 (62 n+1 + a-i) - 1 
>s 2 (62 n+1 + a-i)-s 2 (6) 

as desired. The claim (|13j) is proved in this case. 

If v 2 (c 2 ) + v 2 {b) < e — 1, then we can write 6 = 6 X 2^ 2 ( c 2 (?>)+i _j_ jj 2 f or some integers 
< bi < 2 e - V2 ^- V2 ^ and 2 V2 ^ < b 2 < 2" 2 ^ +V2 ^ +l since 2 e < b < 2 e+1 . One can deduce 
that s 2 (b2 n+1 + a — i) = s 2 (6 2 2™ +1 + a — i) + s 2 (bi). It then follows from the inductive 
hypothesis that 



v 2 



(S(c 2 2 n+V2 ^ +1 ,b2 n+1 + o - *)) 



2"+^2(?))+«2(c2)+i ^2 n +' U2 ( t ')+ l ' 2 ( C2 )+ 2 -)_ b 2 2 n+1 -\- a — i\ 



2"2(C2) 

>s 2 (6 2 2 n+1 + a-i)-l 

= s 2 (62 n+1 + a-i)-s 2 (6 1 )-l 

> s 2 (62 n+1 + a-i) -s 2 (6) 

as required. So the claim (fT3"|) is true for this case. Hence the claim (fT3"j) is proved. 

Consequently, we claim that for all the integers i and j such that < % < j < c\2 n with 
ci < 2 V2 ^ + \ 

v 2 (g(i,j)) >s 2 (a)-l. (14) 
From (fT2j) and the claim ([13]) we deduce that 

W2 (5(c2",62™ +1 +o)) > min \v 2 {g{i,j))} > s 2 (a) - 1. 

0<«<J<Ci2' 1 

In other words, Theorem 1 1 . 1 1 holds if b € [2 e , 2 e+1 ). It remains to show that (|14p is true which 
will be done in the following. 
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If 1 < j < 2 n+1 , then by Lemmas and [21] we have v 2 (S(c 1 2 n , j)) > s 2 (j) - 1. Thus 
using Lemmas 12.1112.21 and the claim (|13f) . we derive from a < 2 n+1 that 

v 2 (g(i,j)) > V2 f ^r!! +a ~ ' l + s 2 (b2 n+1 + a - i) - s 2 (b) + s 2 (j) - 1 



v (62"+ 1 + a-j)l, 

> s 2 (b2 n+l + a - j) - s 2 (b2 n+1 + a - t) + s 2 (62 n+1 + a - i) - s 2 (6) + s 2 (j) - 1 

> s 2 (62™ +1 + a - j) + s 2 (i) - s 2 (b) - 1 
>s 2 (62 n+1 +a)-s 2 (6)-l 

= s 2 (a) - 1 



as required. Hence the claim (|14h is true in this case. 

If 2 n+1 < j < c\2 n , then we may let j = j\2 n+l + j 2 for some integers < j 2 < 2 n+1 and 
ji < 2 V2 ^ since ci < 2 1 ' 2 ( b ) +1 . If j 2 = 0, i.e., j = ji2 n+1 , then by the claim and Lemmas 
[211123] noting that a < 2 n+1 , we get that 

V2WJ)) > v 2 ( ± g : | ) + ^(5(^2^ + Q _ 0) 

> s 2 (62 n+1 + a - j) - s 2 (b2 n+1 + a-i) + s 2 {b2 n+1 + a - i) - s 2 (b) 
= s 2 ((b - ji)2 n+1 + a) - s 2 (b) 

= s 2 (b - ji) + 82(a) - s 2 (b) 

> s 2 (a) 

since j\ < 2 V2 ^ implying that s 2 (b — j\) > s 2 (b). Hence the claim (p3|) is true if j 2 = 0. Now 
let j 2 > 1- Since j\ < 2 V2 ^ < 2 e , by the inductive hypothesis we have 

v 2 (S( Cl 2 n , j)) = v 2 (S(c 1 2 n ,j 1 2 n+1 +j2)) > s 2 (j 2 ) - 1. (15) 

Thus by Lemmas [27TU2T21 , O and JTSJ we obtain 

^(iJ))>^{ ^!llZ% ) +V2(S(c22 n+ ^ + \b2 n+l + a-i)) + S(c 1 2 n ,j) 

> s 2 (b2 n+1 + a - j) - s 2 (b2 n+1 + a - i) + s 2 (62 n+1 + a - i) - s 2 (b) + s 2 (j 2 ) - 1 
= S2 (62™ +1 + a - j) + s 2 (j 2 ) - S2 (6) - 1 

= S2 ((6 - h)2 n+l + a - j 2 ) + s 2 (j 2 ) - 82(b) - 1 

> s 2 ((b - h)2 n+1 + a) - S2 (6) - 1 
= s 2 (6 - ji) + s 2 (a) - s 2 (6) - 1 

> s 2 (a) - 1 

since s 2 (6 — ji) > s 2 (6). Hence the claim (fH|) holds if j 2 > 1. So the claim (fTi|) is proved. 
This completes the proof of Theorem II. li □ 
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Consequently, we turn our attention to the proof of Theorem 1.2. 



Proof of Theorem 1.2. If a = 2" , then by definition of Stirling numbers of the second kind, 
we have 

S{c2 n , (c - 1)2" + a) = S(c2 n ,c2 n ) = 1. 

This implies that v 2 (S(c2 n , c2 n )) = S2(2 n ) — 1. So Theorem 11.21 is true in this case. 
Now let 1 < a < 2 n and b = 2=1. Then 

5(c2 n , (c - l)2 n + a) = S{b2 n+1 + 2 n , b2 n+1 + a). 

To prove Theorem 11.21 it is sufficient to show that 

v 2 {S{b2 n+1 + 2 n , b2 n+1 + a)) = s 2 {a) - 1. (16) 

For t G N, define 

A t := {b G N | s 2 (b) = t}. (17) 

Then N = jJt^o 7 ^*' We P rocee d with induction on t. First we consider the case t = 0. If 
b G Aq, then 6 = 0. By Lemma 12.31 we have 

v 2 (S(b2 n+1 + 2 n , b2 n+1 + a)) = v 2 (S(2 n , a)) = s 2 (a) - 1. 

So Theorem 1 1 . 2 1 holds if t = 0. 

Assume that Theorem 11.21 is true for the case r with r < t — 1. Hence ()16p holds for any 
positive integers b G Aq U j4i U • • • U At—\. In the following let t > 1 and we will prove that 
Theorem 11.21 is true for the case t, which is equivalent to showing (|16p for all the integers 
be A t . 

Let b G At be a given integer. We first notice that 

b2 n+1 + a> max(62 n+1 - 1, 2 n - 1) + 2. 
Letting A;i = b2 n+1 — 1, k 2 = 2 n — 1 and r = b2 n+1 + a in Lemma [2771 gives us that 

(62*+! -1)!(2" - 1)! +1 1)!5(62 n+l + 2 n 62 n+l + ) 

(52™+! + 2 n - 1)! v J y ' 

b2 n+1 +a-l 

= (*-l)K&2 n+1 + a-i-l)\S(2 n ,i)S(b2 n+1 ,b2 n+1 + a - i) 

i=l 

2 n 

= E yT^TTT T^^(2 n , i)(62™ +1 + a - i)!S(&2™+\ 62" +1 + a - i). 
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It follows that 

(62^ + a)!S(b2^ + 2\ W* 1 + a) = ( ^ n+1 _+ , (2W ^ £ ( 18 ) 

where 

W := v/.Qn+ia. V !,g ( 2 "' i )( 62 ™ +1 + a " *)!5(62 n+1 , 62" +1 + a - »)• 
i(b2 n ^ L + a — i) 

Write 6 = (26 + l)2^ 2 ( b ) for some b € N. Clearly s 2 {b ) = s 2 {b) - l=t-l since b € A*. 
Then bo G At-i. It then follows from Lemma 12.11 that 

(62-H + 2--1)! ^ „,„ n+1 , „ n nn ™+i 



" 2 ( v (62^-l)!(2»- l)! J =^ 62 " + + 2" - 1)!) - t*((W*" - 1)!) - , 2 ((2" - 1)!) 

=1 - s 2 (62 n+1 + 2 n - 1) + s 2 (62 n+1 - 1) + s 2 (2 n - 1) 
=1 - s 2 (b2 n+1 ) + s 2 (6 2 n+ ^ (fc)+2 + 2 n+V2 ^ +1 - 1) 
=1 - s 2 (b) + s 2 (& ) + n + v 2 (b) + 1 

=n + «2(6) + l. (19) 

On the other hand, we have 

v 2 ((b2 n+1 +a)\) = (b2 n+1 + a) - s 2 ((b2 n+1 + a)) 

= b2 n+1 + a - s 2 {b) -s 2 {a). (20) 



In order to show that (|T6j) is true, by (|T8|) - (j20|) we only need to show that 

^ ( E *(*)) = a S> 2 ^))> = (&2" +1 + a) - (s 2 (b) + V2 (b) + n + 2). (21) 

In the following we discuss the 2-adic valuation of with a < i < 2 n . 

Since b E A t -i and < 2 n+V2 ^ +1 +a-i< 2 n+v ^ +1 , by the inductive hypothesis and 
Lemma |2.3[ we can derive that 



v 2 {S{b2 n+ \b2 n+l + a-0) 
= W2 ^6 2 n+,;2{b)+2 + 2 J1 +^)+i,6 2 n+t ' 2 W +2 + 2 n+ ^^ +1 + a- i)) 
=S2 ( 2 n+«2(b)+l + a _ i ) _ ! 
=s 2 ((26 + l)2 n+ ^) +1 + a - - s 2 {b ) - 1 

=s 2 (62 n+1 + a-i) -s 2 (b). (22) 
Furthermore, by Lemmas 12.11 12.31 and (|22p we can compute that 
v 2 (i\S(2 n ,i)(b2 n+1 + a - i)lS(b2 n+ \b2 n+1 + a - i)) 
=i - s 2 (i) + s 2 (») - 1 + (ft2 n+1 + a - i) - s 2 (b2 n+l + a - i) + s 2 (62 n+1 + a - *) - s 2 (6) 
=(62 n+1 + a)-s 2 (6)-l. (23) 
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So by (f23j) we have 

V2 (l(i)) = {b2 n+l + a) - s 2 {b) - 1 + v 2 {b2 n+l + a) - v 2 (i) - v 2 (b2 n+1 + a-i). (24) 

If i = a, then by (|24[) and noticing that a < 2 n , we get 

v 2 {l{a)) = {b2 n+l + a) - s 2 {b) - 1 + v 2 (b2 n+1 + a) - v 2 (a) - v 2 (b2 n+1 ) 

= (b2 n+1 + a) - (s 2 (b) + v 2 (b) + n + 2) . (25) 

If a < i < 2 n and v 2 (i) < v 2 (62 n+1 + a), then 

- v 2 (b2 n+1 + a) + v 2 (62 n+1 + a - *) < v 2 (b2 n+1 + a-i)<n. (26) 

It then follows from (J2IJ) and (J26J) that 

t^j(i(t)) > (& 2n+1 + a) - s 2 (6) - 1 - n > (b2 n+1 + a) - (s 2 (6) + u 2 (6) + n + 2) . (27) 

If a < i < 2 n and v 2 (i) > v 2 (b2 n+1 + a), then we have 

v 2 {i) - v 2 (b2 n+1 + a) + v 2 (b2 n+1 +a-i)=v 2 (i)< n. (28) 

So by dMD and ® we have 

U2(Z(i)) > (62 n+1 + a) - s 2 (6) - 1 - n > (b2 n+1 + a) - (s 2 (b) + v 2 {b)+n + 2). (29) 



Thus the desired result PI]) follows immediately from (|25|) . ([27 ]) and (j29j) . So (1161) holds if 
6 € which implies that Theorem 11.21 is true if b € At. 

The proof of Theorem 11.21 is complete. □ 

4 Proof of Theorem 1.4 

In this section, we always let a, b, c,m,n £ Z + , 1 < a < 2 n+1 , m > n + 2 + [log 2 b\ and c > 1 
being odd. For any integers i and j with < ? < j < b2 n+1 + 2 n , we define 

^ := (0 |L 2 "+' + a - 1 g(c2? "' ^ + ° " l)S(b2n+1 + 2 "' J) ' (30) 



Let 



2 n j 2 n + 1 - 2 j 

Ai:=^J>(^), A 2 := ^ X>(*,i), 

j=l i=0 jf=2"+l i=0 

2 n + l_ 1 62 n+1 +2 n J 

A 3 := Yl ^,2 n+1 -l), A 4 := £ 2>(»,j). 
i=0 j=62"+ 1 +l i=Q 



(31) 



We have the following Lemma. 
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Lemma 4.1 Each of the following is true: 

(i) For I = 1 and A, we have v 2 (Ai) 

(ii) v 2 (A 2 ) > 8 2 (a); 

(iii) i> 2 (A 3 ) 



= s 2 (a) - 1, if 1 < a < 2 n and s 2 (b) = 1, 
> s 2 (a), otherwise; 



= n, if a = 2 n+1 - 1 and s 2 (b) = 1, 
> 52(a), otherwise; 



(iv) v 2 (A 1 + A2 + A3 + A4) 



= n, i/ a = 2 n+1 - 1 and s 2 (6) = 1, 
> s 2 (a), otherwise. 



Proof. Evidently, part (iv) follows immediately from parts (i)-(iii). So we need only to 
show parts (i)-(iii) which will be done in what follows. By Lemmas 2.1 and 2.2, we have 

, 2 n^ (62W+ ! + a " i)! 



i) (b2 n + 2 -fa- 

=s 2 (i) + s 2 (j -%)- s 2 (j) + s 2 (b2 n+2 + a-j)- s 2 (b2 n+2 + a-i). (32) 

(i). First we treat with Ai. Let 1 < j < 2 n and < i < j. By Lemma I2T31 

v 2 (S(b2 n+1 + 2 n ,j))=s 2 (j)-l. (33) 

Let m > n + 2 + [log 2 b\. Since a < 2 n+1 and 1 < i < 2 n , we have b2 n+2 + a - i < 2 m . 
By Lemma E3] we obtain v 2 (S (c2 m , b2 1l+2 + a -i)) = s 2 (b2 n+2 + a - i) - 1. It then follows 
from (i30l) . ([32j) . ([331) and Lemma \2~2[ we obtain that 

v 2 (h{i,j)) = s 2 (i) + s 2 {j -i)+j -i + s 2 (b2 n+2 + a - j) - 2 

> s 2 (j) + s 2 (b2 n+2 +a -j)+j-i-2 

> s 2 ({b2 n+2 + a) -2 

> 8 2 (a) - 1, (34) 

where equality holds if and only if j = i, s 2 (b) = 1 and s 2 (b2 n+2 +a— j)+s 2 (j) = s 2 (b2 n+2 +a). 
So by d3TJ) we get 

Ai = 2 S2(a) Ai + 2 S2(a) " 1 Hi,j), (35) 

(hi)eJ 

where Ai G Z + and J := {(i,j) \ h(i,j) is odd, 1 < i < j < 2 n }. Then 

J = {(i,j) \j = i, s 2 (b) = 1 and s 2 (b2 n+2 + a - j) + s 2 (j) = s 2 (b2 n+2 + a)} 
= I s 2 (b) = 1 and S2 (62"+ 2 + a - j) + s 2 (j) = s 2 (b2 n+2 + a)} 

= {1 < j < 2 n I s 2 (6) = 1 and s 2 (2 n+2 + a - j) + s 2 (j) = s 2 (2 n+2 + a)}. 
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Thus by Lemma [230] we know that \J\ = 2 S2 ^ - 1 if 1 < a < 2 n and 2 S2 ( a )~ 1 else. 

Furthermore, by (f35j) . we derive that i>2(Ai) equals 52(a) — 1 if S2(b) — 1 and 1 < a < 2 n , 
and is greater than 52(a) otherwise. So Lemma [4. II (i) is true if I = 1 and m > n + 2+ [log2 b\ • 

Now let m = n + 2 + [log 2 b\ . If either 2 n < a < 2 n+1 , or 1 < a < 2 n and 1 < i < a, then 
one can check that the following is true: 

2 m < b2 n+2 < b2 n+2 + a-i< b2 n+2 + a< 2 m+1 - 1. 

So Lemma 12.41 implies that 

v 2 (S(c2 rn , b2 n+2 + a-i))> s 2 (b2 n+2 + o - t). (36) 

Thus by Lemma (TO, (EU), (ESD and §6§ we deduce that 

v 2 (.h{i,j)) > s 2 (i) + s 2 (j -i + s 2 (b2 n+2 + a-j)-l 

> s 2 (j) + s 2 (b2 n+2 + a -j)+j-i-l 

> s 2 {b2 n+2 + a) - 1 

> 82(a). (37) 

If 1 < a < 2 n and a < i < j, then b2 n+2 + a - i < b2 n+2 < 2 m . Then by Lemma Owe 
get v 2 (S(c2 m ,b2 n+2 + a - *)) = s 2 (62 n + 2 + a - i) - 1. Hence by ([32l), and Lemma EJ , 
we have 

v 2 (h{i,j)) = 82 (i) + s 2 (j - *) + i - * + s 2 (62 n+2 + a - j) - 2 

> s 2 (j) + s 2 (b2 n+2 +a -j)+j-i-2 

> s 2 {b2 n+2 + a) -2 

> 8 2 (a) - 1, (38) 
with equality holding if and only if 

j = j, S2 (6) = l and s 2 (62 n+2 + a - j) + s 2 (j) = s 2 (b2 n+2 + a). (39) 

Since 1 < j < 2 n and a < i < j, by Lemma 12.91 we know that (|39p holds only when 
i = j = a and s 2 (6) = 1. It follows from (|37|l and (i38]l that v 2 (h(i,j)) > s 2 (a) except for 
i = j = a E [1, 2 n ] and 82(6) = 1, in which case one has v 2 (h(a, a)) = s 2 (a) — 1. Then by ()31 1) . 
we have v 2 (A\) = s 2 (a) — 1 if a £ [l,2 n ] and s 2 (b) = 1, and i> 2 (Ai) > 52(a) otherwise. Thus 
Lemma 14.11 (i) is true if I = 1 and m = n + 2 + [log2 b\ . So the statement for Ai is proved. 

Now we handle A 4 . Note that 62 n+1 + l < j < b2 n+l +2 n and < i < j. Let j = b2 n+l +j 
for some integer 1 < jo < 2 n . By Theorem 11.21 we have 

v 2 (S(b2 n+1 +2 n ,j)) = v 2 (S(b2 n+1 + 2 n ,b2 n+1 +j )) = s 2 (j ) - 1. (40) 
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Since m > n + 2 + [log 2 b\ , we have b2 n+2 + a- j < b n+1 + a < 2 m . So by Lemmas [2731 
and 12.41 we get 

77 2 {S(b2 n+1 + 2™, 62 n+2 + o - i)) > s 2 {b2 n+2 + a-i)-l (41) 

and 

v 2 (S(62 n+1 + 2 n , 62 n+2 + a - j)) = s 2 (62 n+2 + a - j) - 1 (42) 
So by , (J3QD, d32J, (HOD-dllD and Lemma E2] we obtain 

v 2 (h(i,j)) > s 2 (i) + s 2 (j -i)- s 2 (j) + s 2 (b2 n+2 + a-j) + s 2 (j ) - 2 

> s 2 (b2 n+1 + a - j ) + s 2 (j ) - 2 

> s 2 (a) - 1 (43) 

where equality holds if and only if j = i, s 2 (b) = 1 and s 2 (b2 n+1 + a — jo) + s 2 (jo) = 
s 2 (b2 n+1 + a). It is similar to A\ with m > n + 2 + [log 2 6J , by Lemma 12.101 we have 
v 2 {lS.i) = s 2 (a) — 1 if a € [l,2 n ] and s 2 (b) = 1, and v 2 (A4) > s 2 (a) otherwise. So LemmaHTTJ 
(i) is true if Z = 4. 

(ii). For A 2 , noticing that 2 n < j < 2 n+1 - 1 and < i < j, then by Lemmas [272ll2.4|. we 

get 

v 2 (S(c2 m , b2 n+2 + a - i)S(b2 n+1 + 2 n ,j)) > s 2 (b2 n+2 + a - i) - 1 + s 2 (j). 
So by ([30D and ([32]) we have 

v 2 (h(i,j) > s 2 (i) + s 2 (j -i + s 2 (b2 n+2 +a-j)-l 

> s 2 (b2 n+2 + a) - 1 

> 82 (a). (44) 

Hence by ([3T|) and ([31]). we have V2(A2) > s 2 (a) as desired. 

(hi). For A3, noting that j = 2 n+1 — 1 and < % < 2 n+1 — 1, it follows from Lemmas 
[272lf2~41 (jHTJ) and ([32]) that 

«2(fc(i, 2 n+1 - 1) > s 2 « + s 2 (j - i) + j - i + s 2 (b2 n+2 + a -j)-2 

> s 2 (b2 n+2 + a - j) + s 2 (j) - 2 

> s 2 (b2 n+2 + a - 2 n+1 + 1) + s 2 (2 n+1 - 1) - 2 
= s 2 (62 n+2 + a - 2 n+1 + 1) + n - 1 

> n, (45) 

with equality holding if and only if j = i = a = 2 n+l — 1 and s 2 (b) = 1. So by f)31 1) and ()45|) . 
Lemma 14.11 (hi) follows immediately. 
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This completes the proof of Lemma 14.11 □ 
We are now in the position to show Theorem 1.4. 
Proof of Theorem 1.4- By Lemma 12.61 we get that 

b2 n+1 +2 n j 

S(c2 m + b2 n+1 + 2 n ,b2 n+2 + a) = £ £fc(i,j) = A 1 + A 2 + A 3 + A 4 + A, (46) 

i=i i=0 

where h(i,j) and A/ (/ = 1,2,3,4) are defined as in (|30p and (|3ip . respectively, and 

62 n+1 j 

A: = E E^i)- ( 47 ) 

j=2 n + 1 i=0 

First we deal with the 2-adic valuation of h(i,j) with 2 n+1 < j < b2 n+1 and < i < j. Let 
j = ji2 n+1 + fa for some integers 1 < fa < b and < fa < 2 n+1 . 

If fa = 0, then j = fa2 n+1 . So by Lemmas and (|3DJ), we have 

^(«.j)>^( ( ( ^2 + °lj ) ) ! , ) +-2(5(c2™,62^ 2 + a-z)) 

> j - t + s 2 (62 n+2 + a - j) - s 2 (62 n+2 + a - i) + s 2 (62 n+2 + a - i) - 1 
>s 2 (62 n+2 + a-j)-l 

= s 2 ((2b - fa)2 n+l + a) - I 

> 82(a) (48) 

since s 2 (26 -fa) > 1 and a < 2 n+1 . 

If < j 2 < 2 n+1 , then 1 < fa < b. By Theorem O we have 

v 2 (S(b2 n+1 + 2", j)) = v 2 (S(b2 n+1 + 2",i!2™ +1 + fa)) > s 2 (fa) - 1. (49) 

Thus by Lemmas ELMJ2 flU, ([32j) and (JMD we deduce 

v 2 (h(i,j)) >j-i + s 2 {b2 n+2 + a-j) + s 2 (j 2 ) - 2 

> s 2 (j 2 ) + s 2 (62"+ 2 - fa2 n+1 + a -fa)-2 
>s 2 {{2b-fa)2 n+1 +a)-2 

= s 2 (2b - fa) + s 2 (a) - 2. (50) 

Let At be defined as in (|17p . Then Z + = USi-^t- We P rove Theorem 11.41 by induction 
on t. First we consider that the case t = 1. Let 6 € Ai. Then s 2 (6) = 1. So s 2 (26 — Ji) > 2 if 
fa < b. Thus by (02) we have that v 2 (h(i,j)) > s 2 (a) if < j 2 < 2 n+1 . Furthermore, by (@7J) 
and (fi"8~|) we get 

wa(A) > 82(a). (51) 
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By Lemma |4,1I (iv). (|46p and (|5ip . Theorem 11.41 for the case s 2 (6) = 1 follows immediately. 
That is, Theorem 11.41 holds if t = 1. 

Now let t > 2. Assume that Theorem 11.41 is true for any integers b £ A\ U • • • U A%—\. In 
what follows we prove Theorem 11.41 is true for the case namely, for the case that 6 £ At. 

For 6 £ ^4t, let b = 2 Tl + T" 1 + . . . + 2 Tt be the 2-adic expansion of b, where r\ > r 2 > • • • > r^. 
We claim that if 1 < ji < 6, then s 2 (26 — j\) = 1 if and only if 6 = 2 n + We first notice 
that if 1 < j\ < b, then 

2 ri+2 > 2b > 2b- ji > 2 n . 

So 52(26 — ji) = 1 if and only if 2b — j\ = 2 ri+1 , i.e., b = 2 n + ^. The claim is proved. In 
the following we handle A. If s 2 (26 — ji) > 2, then by (|5Up we derive that 

v 2 (h(i,j))>s 2 (a). (52) 

Now let ^2(26 — ji) = 1- Then by the claim we have b = 2 Vl + °y • It follows that 

S(b2 n+1 + 2 n ,j 1 2 n+1 + j 2 ) = s(2 ri+n+1 + J J-2 n+1 + 2 n , |-2 n+2 + j 2 )- (53) 

Since 26 - j x = 2 ri+1 , we get ji = 2 r2+1 H h 2 n+1 , which implies that s 2 (*r) = t - 1 and 

so y £ At-\. Hence the inductive hypothesis applied to (|53l) we know that 

v 2 {S{b2^ + 2", Jl2 «^ + J2 )) { = 'fig' 1 = ji I = ^ I \ (54) 

If j 2 < 2 n+1 - 1, then by Lemmas ESQ ([3D]), (J35]) and (JM]) we have 

v 2 (h(i,j)) >j-i + s 2 (b2 n+2 + a-j) + s 2 (j 2 ) - 1 

> S2 (62 n + 2 - j!2" +1 + a - j 2 ) + s 2 (j 2 ) - 1 
> S2 ((26-i 1 )2 n+1 +a)-l 

= s 2 (o). (55) 
If j 2 = 2 n+1 — 1, then we have 

62 n+2 + a - j = (26 - ii)2 n+1 + a - j 2 = 2 n+2+ri + a - j 2 < 2 n+ri+2 < 2 m (56) 
since m > n + 2 + [log 2 6J = n + 2 + ri . Then by Lemma 12.31 and (|56p we have 

S(c2 m , 62 n+2 + a - j) = s 2 (62 n+2 + a - j) - 1. (57) 
It then follows from Lemmas [ZM31 flU, ([32]), ([Ml) and fl57|) that 

«2(/»(*,j) > s 2 (62 n+2 + a - j) - 1 + s 2 (j 2 ) -1+j-i 

> S2 (62"+ 2 - i!2™ +1 + a - j 2 ) + s 2 (j 2 ) - 2 
= s 2 ((26 - h)2 n+1 + a- 2 n+l + 1) + n - 1 

> n (58) 
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with equality holding if and only if j = i and a = 2 n+1 — 1. 

Finally, bv (ji8]) . (1551) . ([581) and ([521) we obtain that if b E A t , then 



, A (=n if a = 2 n+1 - 1, 
^ { > s 2 (a) if a < 2^ - 1. < 59 > 

Hence by Lemma 14.11 (iv) , ()46[) and (]59[) we conclude that Theorem 11.41 is true if b € At . 
The proof of Theorem 11.41 is complete. □ 

5 Proof of Theorem 1.3 

For any positive integer k, we define 9(k) to be the largest integer I with 1 < I < S2(k) such 
that {m;,m;_i, ...,mi} is a set of consecutive integers, where k = 2 mi + 2" 12 + • • • + 2 ms 2( fe ) 
is the 2-adic expansion of k and mi > m 2 > ■■■ > m S2 ( k y Then |~log 2 k~\ = mi + 1. We have 
the following result. 

Lemma 5.1 Let n, k,a,c € Z + 6e suc/i i/iat 3 < k < 2" and 1 < a < [~|] — 1. Suppose that 
k is neither a power of 2 nor a power 2 minus 1. Then we have 

v 2 {S{c2 n -a,k- 2a)) = s 2 (k) - \log 2 k\ + v 2 {a) 

if either a = ETJ mg(k) ^ 0(k) < s 2 (k) or a = TT= me{k)+1 2* _1 6{k) = s 2 (k), and 

v 2 {S{c2 n - a, k - 2a) > s 2 (k) - \log 2 k] + v 2 (a) 

otherwise. 

Proof. First, we can write 

mi s 2 (k) 

k= ^2 2 { + 2mj - ( 6 °) 

i=m e(k) j=e(k)+i 

Note that the second sum in ([60]) vanishes if 6{k) = s 2 (k). Obviously, mi = mi + I — 1 if 
I < I < 6{k) and mg^ > mgfty+i + 2 if 6(k) < s 2 (k). 

If a = E™m e fe 2 * _1 with 9 ( k ) < s 2( fc ). then b y & we infer that k-2a = Y,]if {k)+ i ^ 
and ^2(c2 n — a) = v 2 (a) = mgrfy — 1 = mi — 9(k). It then follows from [log 2 k~\ = mi + 1 that 

s 2 (k - 2a) = s 2 (k) - 6(k) (61) 

and 

Q(k) = mi - v 2 (a) = \log 2 k]-l- v 2 (a). (62) 
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Since m e{k) > m e{k)+1 + 2, we have k - 2a < 2 me w~ 1 = 2 v ^ c2n ~ a \ It then follows from 
Lemma E3 flU) and ([62]) that 

v 2 (S(c2 n -a,k- 2a)) = s 2 (k - 2a) - 1 = s 2 (k) - flog 2 fc] + v 2 {a) 

as required. Hence Lemma 15.11 is proved if a = Y^i^mg k w ^h 9(k) < s 2 (k). 

If a = YTL 2 i " 1 with 9(k) = s 2 (k), then by (JSDD we deduce that k - 2a = 2 m »c=) 
and t>2(c2 n — a) = i?2(a) = ^6»(fc) = m i + 1 — 9(k) = |~log 2 k~\ — s 2 (k) since |~log 2 k] = m\ + 1. 
So s 2 (&) — [log2 fc] + t"2( a ) = 0. It then follows from Lemma 12.31 that 

v 2 (S(c2™ — a,k - 2a)) = s 2 (2 m °M) -1 = = s 2 (&) - [log 2 k] + v 2 (a). 

Thus Lemma [5TT1 is proved if a = Y^m e{k)+1 w ith 0(k) = s 2 (k). 

Now we treat the remaining case that neither a = X^i=m e ( fc ) ^* 1 w ith 9(k) < s 2 (k) nor 
a = Yli^m l w ith 9(k) = s 2 (k). In this remaining case, we claim that 

v 2 {S{c2 n -a,k- 2a)) > s 2 {k) - m x + u 2 (a). (63) 

From the claim (I63h and noting that [~log 2 k] = mi + 1, we derive that 

v 2 (S(c2 n -a,k- 2a)) > s 2 (k) - \log 2 k] + v 2 (a). 

So Lemma [5 . 1 1 holds for the remaining case that neither a = ^I=m 2* _1 with 9(k) < s 2 (k) 

6{k) 

nor a = X^I=m fl ( fc)+1 ^ with 9(k) = s 2 (k). Thus we need only to prove that the claim (|63p 
is true, which will be done in what follows. 

If v 2 (a) < ~m S2 {k)i then s 2 (k) — (mi — v 2 (a)) < s 2 (k) — (mi — m S2 ^ + 1) < since 
s 2 (k) < mi — m S2 ^ + 1. This concludes that the claim (j63j) is true if v 2 (a) < m S2 ^y 

If m S2 ^ < v 2 (a) < mg^ — 1, then 9(k) < s 2 (k) and there is exactly one integer t 
with 9(k) < t < s 2 (k) such that m t < v 2 (a) < m t -i. Then {v 2 (a),m t -i, ...,m e ^, ...,mi} 
is not consisting of consecutive integers. This implies that S2(2 mi + ■ ■ • + 2 m * _1 + 2 mt ) = 
s 2 (2 mi + ■■■ + 2 mt ~ 1 + 2 V2 ^) <mi- v 2 {a). Therefore 

s 2 (2 mt + • • • + 2 m °2W) = S2 {k) - s 2 (2 mi +■■■ + 2 mt - 1 + 2 mt ) + 1 

> s 2 (k) - (mi -v 2 (a)) + 1. (64) 

Since v 2 (c2 n — a) = v 2 (a) and mt < v 2 (a) < mt-i, one may write c2" — a = c\2 V2 ^ and 

k-2a = c 2 2 V2 ^ +1 + 2 mt H h 2 m ^(k) w i t h Cl and c 2 being integers. Then by TheoremO 

and we deduce that 

w 2 (5(c2 n — a,k — 2a)) = v 2 (S(ci2 v ^ a \ c 2 2 V2 ^ +1 + 2 mt + ■■■ + 2 m ^w) 

> s 2 (2 mt + ••• + 2 m *2«) - 1 

> s 2 (fc) - mi + w 2 (a) 
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as desired. Hence the claim (j63|) holds if m S2 (u\ < ^2(0) < rne(k) ~ 1- 
If rriQ(u\ — 1 < V2{a) < m\ — 1, then by (j60j) we can write 



mi 



k-2a= 2i ~ 2a + u = b2 V2{a)+2 + u (65) 

i=V2(a)+l 

and 

mi — 1 

c2 n -a = c 3 2 mi + 2 { + 2 V2 ^ - a = c 3 2 mi + b2 V2 ^ +1 + 2 V2( - a \ (66) 

i=V2 (a) 

where C3 S Z + and u and b are defined as follows: 

m{a) S2(k) . rrai-1 ^ , 

u=: ^ 2 { + Y 2 m >, b=:( 2 i - a J 2 V2 ^ +1 . 

i=mg( k) j=e(k)+l ^i= V2 ( a ) 

Since k is not a power of 2 minus 1, one has > 1 if 9(k) = S2(k). It follows that 

YT=m e{k) ^ = rll if 0{k) = s 2 (k) . Since 1 < a < [fl, we have a / E™m eW 2 ^ if 
#(&;) = S2(k). Note that the assumption tells us that a ^ Y^I^m 2% ~ X ^ ^(k) < S2(k). Then 

0{k) 

from mg(fc) — 1 < ^2(0) we derive that b is a positive integer. Since k is not a power of 2 
minus 1, we have 2 i < 2^ a ) +1 - 1. It then follows that if a ^ V"!L, 2 i ~ 1 with 

= S2 (fc), then < u = Ei=m ew 2 * < 2^( a ) +1 - 1. Notice that m e(k) > m e(k)+1 + 2 if 
0(fc) < s 2 (k). Thus < u < 2 V2 ^ +1 - 1 if 0(fc) < s 2 (k). Meanwhile, by §U§ we get that 

, mi v 

s 2 («) =s 2 (fc)-s 2 ( ^ 2 ! =s 2 (fc)-mi+w 2 (o). (67) 

Therefore by (|65p - (|67p and Theorem 11.41 we derive that 

v 2 (S(c2 n -a,k- 2a)) = S(c 3 2 mi + b2 V2 ^ +1 + 2 V2 ^ a \ & 2 " 2(a)+2 + u ) 
> s 2 (u) = s 2 (k) -mi+ v 2 (a) 

as required. The claim (|63p is true if m-g^-j — 1 < v 2 (a) < mi — 1. Thus the claim (|63p is 
proved. 

This completes the proof of Lemma 15.11 □ 



We are now in the position to show Theorem 1.3. 



Proof of Theorem 1.3. Suppose that (|2|) is true. Then using ([2]) with a = 2c and b = c, we 
can easily derive that ([3|) holds. So we only need to show that ([2]) is true, which will be done 
in the following. 
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To prove (|2|), use (H|) and © with p = 2, m = (2b — a)2 n , v = 1 and n replaced by 
(a — b)2 n , and consider the coefficients of x k : 



S(a2 n ,k) = )S(j + (2b-a)2 n ,k-2((a-b)2 n -j)) 

= S(62",A:)+ J] ( l } \S(j + (2b-a)2 n ,k-2((a-b)2 n -j)) 
j=(a-6)«-r|l+l J 

rf i- 1 

= S(62 n ,£;) + ~i^ U ^j S(t>2 n — i,k — 2i) mod 2 n+ ^ a - 6 ). (68) 



i=l 

In then follows from (1681) that 



S(a2 n , £;) - 5(62™, A;) = ^° 5*(62 n - i, fc - 2i) mod 2 n+1,2 ( a ~ b ). (69) 

In what follows we discuss the 2-adic valuation of a general term of (|69p with 1 < i < 
[§] - 1. Let a - 6 = c 2 V2( - a -V with c > 1 being odd. We first notice that i < [§] - 1< 2 n . 
So by Lemma 12.21 and 12.111 we get that 

« 2 (( (a ~ 6)2n )5(62 ft -i,fc-2i)) 

=a 2 (») + s 2 (c 2"+^ a - b ) - i) - S2 ( Co 2 n+ ^ a - 6 )) + u 2 (S(&2 n — i,k — 2i) 

=n + t; 2 (a - b) - v 2 (i) + t; 2 (,S(62 n — i,k — 2i)). (70) 

We consider the following two case. 

Cose 1. s 2 (fc) = 1. Then one may write k = 2 m . If m = 2, then by (pQ) we have 

v 2 (S(a2 n ,i) -S(b2 n ,A)) 
= V2 (I(4« 2 "- 1 - 3 a2n + 3 • 2 02 "- 1 - 1) - i(4 b2 "- 1 - 3 62 " + 3 • 2 fc2 "- 1 - 1)) 
= W2 (3 62n (3( a - b ) 2 " -1))-1 

By Lemma 12.121 we have f 2 (3 (a_fe)2n - 1) = n + v 2 (a - b) + 2. Thus we get that 

v 2 (S(a2 n , 4) - S(b2 n , 4)) = n + v 2 (a - 6) - 4] + s 2 (4) + 5(4) 

since 5(4) = 2. Namely, Theorem 11.31 holds if m = 2. 

Now let m > 3. So 1 < t < 2 m " 1 - 1. If « = 2 m " 2 , then by LemmaES] 

v 2 (S(&2 n - i, 2 m - 2*)) = v 2 (5(62 n - 2 m ~ 2 , 2" 1 " 1 )) = 0. (71) 
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Thus by £70]) and fl7T} we obtain that 

v 2 {(^ a ~ i ^ 2 ") S(62 n - i, 2 m - 2*)) = n + v 2 (a - 6) - (m - 2). (72) 

If i / 2 m - 2 , then u 2 (i) < 2 m ~ 2 since t < 2" 1 " 1 - 1. It then follows from £71]) that 

V2 ~- 6)2n ) S ( b2n ~i,2 m - 2i)) >n + v 2 (a - b) - (m - 2) + v 2 (,S(62 n - i, 2 m - 2i)) 

>n + v 2 (a-b)-(m-2). (73) 
Hence bv (|55|> . ([72) and (|75]l we derive that 

S(a2 n ,2 m ) -S(b2 n ,2 m ) = min fu 2 (( ^ ~ ^ )s(b2 n - i, 2 m - 2i)) } 



min 


J 


l<j<2 m - 1 




n + v 2 (a 


-b) 


n + v 2 (a 


-b) 



since 5{2 m ) = 1. So © is true if s 2 (k) = 1. 

Case 2. s 2 {k) > 2. Since k is neither a power of 2 nor a power 2 minus 1 and 1 < i < 
[|1 - 1, by Lemma EH (JBSJ and ([70]) we obtain that 

5*(a2",A:) -5(62 n ,fc) = min \v 2 ( ( ( ° "Z^ 2 " )s(b2 n - i,k - 2i)) \ 

i<»<r|i-i 1 \ 1 J J 

= n + u 2 (a - 6) - flog 2 k] + s 2 (k) 

= n + v 2 (a - b) - flog 2 fe] + s 2 {k) + 5(fc). 

since 5{k) = 0. Hence ([2]) holds in this case. 
The proof of Theorem 11.31 is complete. 

□ 
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